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SCHAUDER ESTIMATES FOR DEGENERATE MONGE-AMPERE 
EQUATIONS AND SMOOTHNESS OF THE EIGENFUNCTIONS 

NAM Q. LE AND OVIDIU SAVIN 


Abstract. We obtain C 2,13 estimates up to the boundary for solutions to degenerate Monge- 
Ampere equations of the type 

det D 2 u = f in fi, / ~ dist“(-,dfi) near <912, a > 0. 

As a consequence we obtain global C 100 estimates up to the boundary for the eigenfunctions of the 
Monge-Ampere operator (det D 2 uY^ n on smooth, bounded, uniformly convex domains in R n . 


1. Introduction 

In this paper we develop Schauder estimates up to the boundary for degenerate Monge-Ampere 
equations of the type 

(1.1) det D 2 u = / in 17, / ~ dg n near 511, 

and apply them to prove global smoothness for the eigenfunctions of the Monge-Ampere operator 
(det D 2 u) 1 ^ n . Throughout the paper, dgo, represents the distance to the boundary of the domain 
and a > 0 is a positive power. 

Boundary estimates for the Monge-Ampere equation in the nondegenerate case where / € C(Q) 
and / > 0 were obtained starting with the works of Ivockina [IJ, Krylov m, C affar elli-N ir enb er g- 
Spruck jCNSj (see also [W]). Also in the nondegenerate case, global C 2 ’ a estimates under sharp 
conditions on the right hand side and boundary data were obtained recently by Trudinger-Wang 
[TWT1 and the second author [ST] . 

In jS2| . the second author established a boundary localization theorem and then applied it to 
obtain C 2 estimates at the boundary for solutions of (11.11) under natural conditions on the boundary 
data and the right hand side. In the present work we investigate further regularity of such solutions. 
We use the boundary C 2 estimates in [S2] and perturbation arguments [Cj ICCj to establish basic 
boundary Holder second derivative estimates for solutions to (11.11) when the boundary <9fi, boundary 
data of u on dQ and / are more regular; see Theorems 11.11 and 11.21 Our results can be viewed as 
the degenerate counterparts of the works cited above. They easily give global C 2 ^ estimates up 
to the boundary for the eigenfunctions of the Monge-Ampere operator (det D 2 u) 1 / n ] see Theorem 
Ol This is the key step in settling the open problem on global smoothness of the Monge-Ampere 
eigenfunctions in all dimensions; see Theorem 11.41 

Before stating our main results we recall the notion for a function to be C 2 ^ at a point (see 
ESI). We say that u is C 2, P at xo if there exists a quadratic polynomial Q Xo such that, in the 
domain of definition of u, 

u(x) = Q Xo {x) + 0(\x - x 0 \ 2+l3 ). 

Throughout this paper we refer to a linear map A of the form 

Ax = x + Tx n , with t • e n = 0, 

as a sliding along x n = 0. Notice that the map A is the identity map when it is restricted to x n = 0 
and it becomes a translation of vector st when it is restricted to x n = s. 

The first author was supported by NSF grant DMS-1500400. The second author was supported by NSF grant 
DMS-1200701. 
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Let 12 be a bounded convex domain in the upper-half space such that <912 is C 1,1 at the origin, 
that is 0 G <912 and 


(1.2) 12 C {x n > 0}, and 12 has an interior tangent ball at the origin. 

We are interested in the behavior near the origin of a convex solution u G (7(12) to the equation 

(1.3) det D 2 u = g(x)d an , a > 0, 

where g is a nonnegative function that is continuous at the origin and g(0) > 0 . 

We state below our main Schauder estimates for solutions to (11.311 . In Section [2] we will give 
more precise quantitative versions of these theorems. 

Our first result is the following pointwise C 2,13 estimates at the boundary. 

Theorem 1.1. Let 12, u satisfy m, m above and let /3 G (0, t^j). Assume that 

u(0) = 0, Vu(0) = 0, u = p on <912, 

and the boundary data p is C 2,/3 at 0, and it separates quadratically away from 0. 

If g G C 7 at the origin where 7 = j3 then u is C 2 A at 0. Precisely, there exist a sliding A 
along x n = 0 and a constant a > 0 such that 

u(Ax ) = Qo(x') + a x 2+a + 0(\x’\ 2 + x 2 +Q ) 1 + 2 , 

where Q 0 represents the quadratic part of the boundary data p at the origin. 

In fact the conclusion above states that u is pointwise C 2,/3 with respect to the degenerate metric 
specific to our equation (11.311 . This is a stronger statement than the pointwise C 2 " 0 with respect to 
the Euclidean metric. 

In the second theorem we establish the C 2 ” 0 regularity of the solutions to (11.311 in a neighborhood 
of the origin. 

Theorem 1.2. Let f3 G (0, 277 ); an d /3 < a. Suppose that u satisfies the equation (11.311 near the 
origin with 

<912 G C 2 ’h, u\ an G C 2 ’h, g G (7 7 where 7 = 0 
If u separates quadratically from its tangent plane at 0 then 

u G (7 2,/3 (12 fl -£> 5 ( 0 )) for some small 5 > 0. 


We remark that the hypothesis /3 < a is necessary in the second theorem. This can be easily 
seen from the expansion given in Theorem ll.il 

As a consequence of our Schauder estimates, we obtain the global C 2 ^ regularity, for all ft < 
27 ^, of the eigenfunctions to the Monge-Ampere operator (det Z2 2 u) 1//n on smooth, bounded and 
uniformly convex domains in M”. This problem was first investigated by Lions [L|. He showed 
that there exists a unique (up to positive multiplicative constants) nonzero convex eigenfunction 
u G (7 1 , 1 (12) D to the eigenvalue problem for the Monge-Ampere operator (det D 2 u) l ^ n \ 


(1.4) 


(det D 2 u)™ = A|u| in 12, 
u = 0 on ( 212 . 


We note that A, called the Monge-Ampere eigenvalue of 12, has an interesting stochastic interpre¬ 
tation given by Lions [Lj. A variational characterization of A was found by Tso m- 

The question of global higher derivative estimates up to the boundary of the eigenfunction u is 
a well known open problem, see for example Trudinger and Wang’s survey paper [TW2| . 

In the two dimensional case, Hong-Huang-Wang in jHHWj resolved this question in the affirma¬ 
tive. In higher dimensions, the global (7 2 (12) estimate of the eigenfunction u was obtained by the 
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second author in [S2j . In Theorem 11.41 below we settle the question of global smoothness of the 
eigenfunction u in higher dimensions. 

Notice that u G C' 1 , 1 (f7) implies that we can write |«| = g dgn with g G C 0,1 ^). Since u = 0 
on <917 we also have that u separates quadratically on <917 from its tangent planes, and therefore we 
can apply Theorem 11.21 

Theorem 1.3. Let 17 be a bounded and uniformly convex domain in M n . Assume <917 G C 2 '^ with 
j3 G (0, 2 ^); an d u satisfies (11.41) . Then u G C' 2,/3 (17). 

Our final theorem shows that the Monge-Ampere eigenfunctions are in fact smooth up to the 
boundary of 17 if <917 is smooth. To do this, we first perform a Hodograph transform and then a 
partial Legendre transform to an eigenfunction u. The linearized operator of the resulting equation 
can be treated as a degenerate Grushin-type operator. By using the result of Theorem 11.31 and 
Schauder estimates for Grushin-type operators, we obtain our global smoothness result. 

Theorem 1.4. Let 17 be a bounded and uniformly convex domain in W 1 . Assume <917 G C°° and u 
satisfies (11.41) . Then u G C'°°(17). 

The paper is organized as follows. In Section [2] we introduce notation and state the quantitative 
versions of our Schauder estimates. By suitable rescalings we reduce Theorems 11.11 and 11.21 to the 
Propositions 12.31 and 12.41 These propositions are concerned with the C 2 ^ estimates for solutions 
of (11.31) which are small perturbations of the particular solution Uq introduced in Section [2j The 
proofs of Propositions 12.31 and 12.41 will be given in Sections [3] and 0] respectively. In Section [5l we 
prove Theorem 11.41 Some technical results used in the proofs of the main theorems are collected 
in the final section, Section [ 6 j 


2. Quantitative versions of the Schauder estimates 
We introduce some notation. We denote points in M n (n > 2) as 

x = (xi, ...,x n ) = (x',x n ), i'gM”" 1 . 

Let R+ = {x G M n : x n > 0} be the upper half-space. Denote by I and I’ the identity matrices 
of size n and n — 1 respectively. We denote by B r (x ) the ball of radius r and center x, and by 
B’ r (x') the ball in M n_1 of radius r and center x'. For simplicity, we use B r to denote B r ( 0) and 
Bfi := B r D {x n > 0}. 

Given a convex function u defined on a convex set 17, we denote by Sh(x o) the section centered 
at xq and height h > 0, 

Sh(xo) ■= {x G fl| u(x) < ii(x 0 ) + V«(x 0 ) • (x — xq) + h}. 


We denote for simplicity Sh = Sh( 0), and sometimes when specifying the dependence on the 
function u we use the notation Sh(u) = Sh- 

Most of the time we write our estimates in the sections of the particular function 


U 0 (x) 



_ T 2+a 

(1 + a )(2 + a ) n ’ 


x G R". 


We denote by A a sliding along x n = 0, i.e., Ax = x + rx n for some r G R n with r ■ e n = 0. Also 
we denote by Fh the diagonal matrix 


F h = diag(h 2 ,h. 2 ,.., hz, h 2 +“). 


We often rescale solutions in Sh(u ) according to the formula 

Uh(x) = h~ l u(AF h x). 
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For a (7 7 continuous function / on a set S, we denote by [f]c~t(s) its homogeneous seminorm, i.e, 

m „ \f(x)-f(y)\ 

[flc-y(S) = sup —:-j-—• 

x,y£S, x^y \X V I 

When 7 = 1, the right hand side is denoted by [/]c°’ 1 ( 5 )- 

Throughout the paper we think of the constants n, a and (3 as being fixed. We refer to all 
positive constants depending only n, a and (3 as universal constants and we denote them by c, (7, 
Ci, Ci. The dependence of various constants also on other parameters like p,p' will be denoted by 
C(p,p'),c(p, p'). 

We start by writing quantitative versions of Theorems 11.11 and 11.21 

Theorem 2.1. Let a, (3, 7 be as in Theorem 11.11 and p, p' -C p be small parameters. Let Ll be a 
bounded convex domain in the upper half-space with 0 £ <912, and assume 12 has an interior ball of 
radius p at the origin. Let u £ (7(11) be convex such that u( 0) = 0, Vrt(0) = 0 with 


1 1 _/1 2 


u(x) - \x 

\ J 2 I 


and u> p' on <912 \ B p . Assume 


< — \x'\ 2+ P in <912 (7 B p , 
P 


1 


with 


det D 2 u = gdg n in 12 fl B p , det D 2 u < — in Ll\B p 


1 


\g — 1| < — |x| 7 in 12 fl B p . 


Then there exists a sliding A along x n = 0 with \A — I\ < C such that 

\u(Ax) — t/o(a:)| < C(\x'f +x ^ +a ) 1+ 2 in B p , 
with C depending on n, a, /3, p, p'. 

We remark that in the proof of Theorem 12.11 we only use the following property of the distance 
function 

x n > daa(x) > ( x n - p-V| 2 ) . 

Theorem 2.2. Let a, (3, 7 be as in Theorem 12.11 and p, p' <S p be small parameters. Assume 
<912 € C 2,13 in B p with 1191211 ^ 2 , p < 1/ p'. Let u G (7(12) be convex such that 


with 


u(0) = 0, Vrt(0) = 0, u = ip(x') on <912 (7 B p , 


I Ml C 2 ^ (s;,) ^ ~r p’I' — Dx ,( P(Q) — ^7 M 


and u> p' on <912 \ B p . Assume 

det D 2 u = g dg^ in LlC\B p , det D 2 u < — in 12 \B p 

with 

g € C 7 (12nSp), 

Then 

ll u llc ,2 ^(nnB 5 ) — 

with 6 and (7 depending on n, a, (3, p, p'. 


I c~< < — > p' < g( o)- 

p 
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As mentioned in the introduction, the pointwise C 2 estimates for solutions to m were es- 
tablished in |S21 Theorem 2.4]. This means that after a suitable rescaling (see Lemma 12.51) . it 
suffices to prove our quantitative theorems in the setting when u, and the data g, ip, 517 are small 
perturbations of the particular solution Uq, 


Uq(x) 


_| r '|2 _ 1 r 2 +a 

2 X + (l+a )(2 + a) n ’ 


with the data g = 1, <p = ^|a/| 2 , 517 = {x n = 0}. We state below our Theorems 12.II and 12.21 in this 
setting. 

Let H be a convex set with boundary given by the graph of a C 1,1 convex function q(x'), i.e., 


Q = {x n > q(x')}, q( 0 ) = 0 , V x >q(0) = 0 . 


Let u be a convex function defined in 17 n S'] (Uq) that satisfies 
(2.1) det D 2 u = g dg n in 12 fl <Si(C/o), 


( 2 . 2 ) u( 0 ) = 0 , Vu(0) = 0 . 

and 


(2.3) u(x) = <p(x') on (717. 

First, we state the pointwise C ' 2 ’' 8 estimates at the origin for solutions to (12.11) which are pertur¬ 
bations of Uq. 

Proposition 2.3 (Pointwise C ' 2,/3 estimates). Assume u satisfies (12.11) . (12.21) . (12.31) with 

lit — Uq\ < e, \g — 1 | < e|x | 7 in 17nS’i(t/o), 
with 7 = /3 G (0,1), and 


< e\x‘ 


,/12 


and 




„/12 


< e\x'\ 2+ P 


on 517 D Si(Uq), 


for some e < Eq universal. Then there exists a sliding A with \A — I\ < Ce such that 

| u(Ax) — Uq\ < Ce(\x'\ 2 + x 2+ ") 1+ l 

Next, we state the C 2, P estimates in a neighborhood of the origin for solutions to (12.11) which are 
perturbations of Uq. 

Proposition 2.4 ( C 2 ’^ estimates). Assume u satisfies (12.11) and (12.31) with 

|U - Uq\ < £q, [g\c-t < Eq, [D 2 w\ c p < £q, \\q\\ C 2,p < £q, 

and (3 G (0, ft < a, 7 = ft, and £0 small depending on n, (3, a. Then 

W u \\c 2 ’fians 1/2 (u 0 )) ^ c - 

As mentioned above, to reduce the proof of Theorem l2.2l lor Theorem [2T]) to that of Proposition 
m (or Proposition 12.31) . we need to show that by suitably rescaling u and the domain 17, the new 
function is well approximated by Uq on a new domain with very flat boundary near the origin. 
More precisely, we have the following rescaling lemma whose proof we postpone till Section [6] We 
recall that we denote by the diagonal matrix 

11 1 1 

F h = diag(/i 2 ,h. 2 , ..,h^,h 2 + a ). 
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Lemma 2.5 (Rescaling). Suppose that u satisfies the hypotheses of Theorem \2.2\. Then there exist 
two linear transformations D symmetric, and A a sliding, with \D\, |^4| < C such that the rescaling 
{u h ,Q h ) of (u,Q) given by 

u h (x) = u{DA h FhX \ xG n h = (. DAF h 

and the boundary data iph,qh of (v,h,Qh) satisfy in S\ (Uq) n Qh the hypothesis of Proposition \2J\ 
provided that h = h(eo) is chosen small depending on the universal constants and £q. 


We now say a few words about the proofs of the above propositions. 

We prove Propositions 12.41 by combining the interior C 2, I estimates together with pointwise 
C 2,/3 estimates in Proposition 12.31 applied at points on the boundary. The geometric properties of 
sections of u near the boundary play a crucial role. 

The key ingredient in the proof of Proposition 12.31 is the following iteration lemma. 


Lemma 2.6 (Iteration step). Assume that for some small £ < £o, u satisfies (12.21) . (|2.3I) . 

\u — Uo\ < £ in nn5i(C7o), 


and in this set 

If 


(1 + <5 0 e)x" > det D 2 u > (1 - <5 0 e) ((x n - <5 0 e) + ) a • 

1 , 


\x n \ < 5oe|a/| and 


T - \x 

* 2 


/ 12 


< <5o£|a;| on dLir\S\{Uo), 


then there exists a rescaling u of u at height h = 0$, 

u(x) := ju(AhFhx), x € & := ( A^Fh )” 1 n with h = 6 q, \Ah — I\ < Ce, 


such that 

\u — Uo\ < £0^ in n n Si(U 0 ). 

The constants above £o, So, Oq (small) and C are universal: they depend only on n, a and /3. 

The proof of Lemma 12.61 follows the standard perturbation method: we approximate u — Uq by 
solutions of the Grushin-type operator 


Lw = 0, Lw := x%A x iw + w nn , 
which is the linearized equation of the Monge-Ampere equation 

det D 2 Uq = xff. 

2 2 

Before we proceed with the proof we state the C ’ 2 + a estimates for solutions of such linearized 
equation. 


Lemma 2.7. Assume that for some a > 0, w solves 

(2.4) Lw := x“A x >w + w nn = 0 in B(~, w = 0 on {x n = 0} 

and IMIl°°(.b + ) — Then in By 2 , w satisfies 

\w(x) - (ao + a' ■ x') x n \ < C 0 [\x\ 2 + x^ a ^j 2+a 

with Cq universal, and ao € M, a' £ M n_1 with |ao|, l^l bounded by a universal constant (i.e. 
depending only on n and a). 

The proof of Lemma 12.71 is standard and will be given in Section [6l 
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3. Proof of Proposition 12.31 

In this section, we prove Proposition 12.31 We start with the proof of the main lemma. 

Proof of Lemma \2.6l Assume u satisfies the hypotheses of the lemma and denote 

u-Uo 
v := -. 

e 

Step 1: We show that v is well approximated by solutions to the linearized equation (|2.4[> . 
Precisely, for any small t] > 0 we can find a solution w to 

L w = 0, w = 0 on {x n = 0} 

such that 

\v — w\ < r] in Si/ 2 (Uq) n n, 

provided that £ 0 ( 77 ), ^o(v) are chosen sufficiently small depending on 77 and the universal constants. 


In other words, we need to show that for a sequence of £ 0 , <5o —> 0 the corresponding u’s converge 
uniformly in S\/ 2 {Uq) fl fl to a solution of Lw = 0 (along a subsequence). 

First we show that v separates almost “linearly” away from { x n = 0}. 

For each xq S £ 1/2 (£^o) fl {x n = 0} we consider the upper barrier for u: 


, 1 /. 9 / / 9 1 — 6o £ {{x n — 5 0 ^) + ) 2+a „ t- 

u x n (x) = —\x 2 + 8 e \x — Xn 2 + 7 --—- —-—-r—b Cex n + 2<5o£, 

oW 2 1 1 1 01 (1 + 16e) n_i (l + a)(2 + a) 


for some C large to be determined. 

Then, we have 

(3.1) det D 2 u xq = (1 — 5oe) {{x n — 5oe) + )° < det D 2 u in Si(Uo) n fl, 

and we easily find that on dS\ (Uq) n fl, 


and on dfl n S\ (Uq), 


! C 

u x 0 >U 0 + 8e\x' - x' 0 \ + — £x n > 1 + e > u, 


1, / .0 

u Xo > -\x \ + 26 q£ > u. 


By the maximum principle we obtain u < u xo in fl fl .S) (Uq) which implies that 

v(x' 0 , x n ) < 25o + Cx n . 

The opposite inequality follows similarly by considering the lower barrier 

r 2-\-ot 

„ = llVl 2 _ Rr\rr’ _ r'„l 2 4 _- 1 _ - 

Then 


^ (I) = - 8E|1 ' - X » |2 + (1 (l + a)(2 + g) 


— C£X n — 25q£. 


and on dSi(Uo) D fl, 
and on <9fl n Si(Uq), 


detl? 2 u = (1 + Sq£)X n > det D 2 u in Si(Uq) H fl, 


Uxo < U 0 - 8s\x' - Xq| 2 - ^£X n < 1 ~£<U, 


1 


Uxo ^ -j\ X '\ 2 ~ 26 0 £ ^ U - 
By the maximum principle we obtain u^. < u in fl fl S\ (Uq) which implies that 

v(x' 0 ,x n ) > -25 0 - Cx n . 
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In conclusion 

(3.2) — 25q — Cx n < v < 26q + Cx n in Si/ 2 (Uq) n fh 

This inequality provides the uniform convergence of the u’s near {x n = 0}. It remains to prove 
the uniform convergence on compact subsets of S'; (Uq) fl {x n > 0}. 

Fix a ball B 2p := B 2p (zq) C Si(Uo) and consider the solution uq to 

detD 2 uo = x° in B 3 , uq = u on dBz , 

2 ” 2 ” 

and the corresponding 

Uq — Uq 

VQ :=-. 

e 

We claim that if p > 2e5q then 

(3.3) \u-uo\<C(p)e8 0 in BzJzq). 

2 “ 

Indeed, notice that in this ball ^3 ( 20 ), we have 

2 p 

| det D 2 u — det D 2 uq\ < C(p)e5o, and det D 2 u, det D 2 uq > c{p). 

Now we can use maximum principle and the matrix inequality 

Th - 1 

det (A + XI) > det A + nA(det , if A > 0, A > 0, 

and obtain in Bz(zq) 

2" 

u + T < uq, uq + T < u, where T := C'(p) 5q£ — zq \ 2 — (- p) 2 ^ , 

for some large C\p) and this proves our claim (|3.3D . 

From (13.31) we hnd 

\v - v 0 \ < C(p)5 0 in Bz (zq), 
hence v — vq —>■ 0 uniformly in Bz p {zQ) as 5q -A 0. 

Next we show that, as £0 —> 0, the corresponding uo’s converge uniformly (along a subsequence) 
in Bp(zo) to a solution of Lw = 0. Note that 

0 = -(det D 2 uq — detD 2 Uo ) = Tt(AD 2 vq ) 

where 

A := [ cof(D 2 U 0 + t{D 2 U Q - D 2 U 0 ))dt. 

Jo 

Here cof M represents the cofactor matrix of M. 

As £0 —> 0 we have £ —> 0 and therefore D 2 uq — >• D 2 Uq uniformly in B p (zo). This gives 
A —» cof D 2 Uq uniformly in B p {zq), thus vq must converge to a solution of the linearized equation 
for Uq. 


Step 2: We apply Lemma 12.71 for the function w in Step 1 and obtain 


(3.4) 


\v(x) — (do + a ■ x')xn\ < T) + Co (\x \ 2 + x 2+a ) 2+a 


3+a 


for some ao € I , a' = (ai, 
and a. 


j 0"n —1) £ 


pn —1 


, with | ao |, | a / 1 bounded by a constant depending on n 


3+a 
i 2+a 


We choose rj = CqOq for some small 6q to be specified later, and we find 


(3.5) 


3+q 


- (eaox n + Uq{x' + £a'x n ,x n )) \ < 2 Cq0q +O1 + Ce £ < 3C o 0Q +a e in Sg o (U 0 ). 


3+q 
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Step 3: Next we show that, Vtt(O) = 0 implies 

(3.6) |ao| < CiOq, 

for some C\ universal, depending only on n and a. 

If, by contradiction, ao > C\9q then we construct the lower barrier 

1 ^ ^ 1 

u := U 0 (x' + ea'x n , x n ) + e ( -C"0 o 2+ “ ^(x* + eaiX n ) 2 + C"9q +01 x 2+ “ + y x n ) , 


i=1 


with C’ = 4Co and C" large such that 


detl? 2 u > (1 + 0Q + “e)x“ > (1 + <5oe)x“ > det D 2 u, 

provided that do is sufficiently small. We also have u<won d(Sg 0 (Uo ) n fl). 
Indeed, on dSg 0 (Uo) D II, in view of (13.51) . it follows that 

/ i 71 — 1 


u < U 0 (x' + ea'x n , x n ) + ea 0 x n - e ( C"0 o 2+ “ ^(x* + eajX n ) 2 + y • 


i=1 


< C/o(x' + £a'x n , Xn) + £a 0 X n - £ ^ACq9q +,x l X, | 2 + ^-^OXn + Ce\ 

3+a 

< t/o(x' + ea'x n , x n ) + ea 0 x n - 3C o 0Q +a e < u, 

and on (9H n Sg 0 (Uo) we use that x n < 5o^|x'| 2 and |ao| < C and obtain 

\ 


1 C' „ ob 

2 +q; 


U < [ ^ — — Oq + cx E + C5q£ ) |x'| 2 < ( - — 5q£ ) |xT < u. 


By the maximum principle we obtain that u < u in Sg 0 (Uo ) D II hence u n ( 0) > u n (0) > 0 and 
we reach a contradiction. 

If we assume a q < —C\9q then we consider the upper barrier 

i 


u ( - + eC 9 0 


flr-Q 2+a 


1 \ , / / ,2 1 - C"e0 n 

, -^//12+a 1 y + ea'xnl 2 + 0 


// r \4-\ 2+a eao 

((x n — O 0 £) J + —x n . 


(l + a)(2 + a) '* " u ~ / 7 ' 2 

Then we obtain 

det D 2 u < (1 — Sos) ((x n — <5o£) + ) a < det D 2 u, 

and, similarly as above, we obtain u > u on d(Sg 0 (Uo ) fl 12). By maximum principle we find u < u 
in Sg 0 (Uo ) D II hence u n (0) < u n (0) < 0 and again we reach a contradiction. Thus (13.61) is proved. 

Step 4-’ We use (13.61) in (13.41) and obtain 


3+n 

2+ct 


\v(x) - a ■ x x n \ < C 2 9^ +a in S 2 g 0 (U 0 ). 

We choose 9$ small, depending also on /3 € (0, jyj), such that 

3 + a: 1 

C 2 0 o 2+ “ < \ 

and we easily obtain 

\u-U 0 (x'+ Ea'x n ,x n )\< (^9l + *+Cej£<9 1 0 + *£ in S 2 g 0 {U 0 ). 


Hence if £ < £q is small, 


where Ax := x — e(a 7 , 0)x^ 


i+4 


\u(Ax) - U 0 (x)\ < 9 0 2 £ in Sg 0 (U 0 ) 


□ 
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We are now ready to give the proof of Proposition 12.31 

Proof of Provosition \2.A It is straightforward to check that, since \x n \ < s\x'\ 2 on <912, the distance 
function dan satisfies 

x n > dgn(x) > (x n - 2e|x'| 2 ) + . 

We will prove the proposition for more general right hand sides in which we replace dan by the 
inequality above. Precisely we assume that u satisfies 


(3.7) 


(1 —e|x| 7 ) (x n — 2e\x'\ 2 ) + < det D 2 u < (1 + e|x| 7 ) x 


Let £o; be as in Lemma [ 

We prove by induction that there exists a sequence of slidings Ak such that the rescalings Uk at 
height h = 6q 

1 


V’k ■ — , jx), x <E 12 .— II, 

h 


h = 0 *, 

satisfy 

(3.8) \u k -U 0 \ <e k :=85o 1 e0oMn5i(t/ o )nO, \A k - A k ^\ < Ce fc _i. 

Clearly, this holds for k = 0 with Aq = I from the hypotheses of the proposition. 

Next we assume it holds for k and prove it for k + 1. We check that u := Uk satisfies the 
hypotheses of Lemma 12.61 for 

§_ 

e \= £k hence 5o£ = 8£h 2 . 

By (BSD , we have 

I A k -I\< Cs. 

Note that _ 

if x £ Cl fl Si(Uq), then x = Fff 1 Af 1 x for some x € 12, 

and 

i . i . 

x n = h 2 +<*x n , \x — h 2 x | < Cex n . 

If x G 512 fl Si(Uo), then x = A^F^x € <912, hence \x n \ < e\x'\ 2 , and we easily find 

(3.9) \x'— h 2 x'\ < Ce 2 \x'\ 2 < £h\x'\, 

and i 

\x n | < 2ehF^\x'\ : < 5Q£k\x'\ 2 . 

Moreover, the boundary value of u is 


<p(&) = 


hence, using (13.91) 


P{x') ~-\x '\ 2 


< 


p{x')--\x'\ 2 


+ 2 eh 2 \x 


/ 12 


< j£\x'\ 2+l3 + 2eh 2 \x'\ 2 

< 4:£hF\x'\ 2 < do£k\x'\ 2 . 

If x £ 12 fl Si (Co) then we denote by x = AkF^x and obtain 

det D 2 u(x) = h~ 2 +“ det D 2 u{x). 
We use (13.71) and \x\ < 2h 2 +* and obtain 

(1 — 2 eH 2 ) ( x n — 8e/i2+^ N 


< det D 2 u < (1 + 2eh 2 ) 
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or 


(1 - 5 0 £k) [(x n - <5o£fc) + ] “ < det D 2 u < (1 + 5 0 £k) z“- 
In conclusion we can apply Lemma 12.61 for u and obtain a sliding Aq, \Aq — I\ < CE k such that 

1 


Oo 


u(A 0 F do x ) - U Q 


<£0^=£ k+ i in Si(Uq). 


This means that u k +1 satisfies the desired conclusion by choosing A k +i such that 

A k+1 F heo = A k F h A 0 Fg 0 , 


thus 

A k +1 = A k F h A 0 F h 

Since A k +i, A k , A 0 are slidings, we obtain that the following quantities are comparable up to 
multiplicative constants 

(3.10) \A k+ i - A k \ ~ \F h (A 0 — I)F^ X \ ~ h 2 2 +h|Jl 0 -/|, 

and the induction step is verified. 

From 113.101) we conclude that Ak converges geometrically to a limiting sliding A^, thus 

\Aoo-Akl < ChA~^£ k , 


hence 

Aoo = A k FhGkF^ 1 for some sliding with \G k — I\ < CEk■ 

This means that in (13.81) we may replace the sliding A k by A^ and the right hand side Ek by CEk , 
and the proposition is proved. □ 


4. Proof of Proposition 12.41 
In this section, we prove Proposition 12.41 

Assume that u satisfies the hypothesis of Proposition 12.31 with 

[g\c-y<£ in finSi(t/ 0 ), 

and from the conclusion of the proposition there exists a sliding A, \A — I\ < C£ such that u(Ax) 
is well approximated by Uq\ 

| u(Ax) — ?7o(a;)| < C£Uq(x ) 1+ 2 . 

l + Q: 

For each h < c we let —t be the minimum value of u — h 2 + a x n and xt the point where is achieved. 
Thus i 

S t (x t ) = {u < h*+Zx n } 

is a section centered at xt which is tangent to 311 at 0. It is easy to check that t ~ h and the 
sections Sh(u ) and St(xt ) are comparable in size. Below we estimate the modulus of continuity of 
D 2 u in the interior of St(xt). 

Lemma 4.1. Assume f3 < a. In the section S t /^(xt) we have 

\\D 2 u\\ c p < C , || D 2 u — D 2 u{ 0) — x%e n <S) e n ||L°° < Ceh 2 . 

Proof. Using that u(Ax) is well approximated by Uq{x) we obtain 

St/iixt) C C := {|x'| < |x„|} . 

Since dQ C {|x n | < e|x , | 2 } it follows that in the cone C, is a positive function with gradient 
bounded by 1 + Cs, and in fact 

dan 


- 1 


< Ce. 


C 0 T(C) 
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This means that in the cone C (and therefore in S t / 2 (xt)) we can rewrite the equation for u as 

det D 2 u = g x%, ||g — 11|c"r £ Ce in C. 

We let Uh denote the rescaled function 

Uh(x) = ^ u(AF h x ), 

and let y t such that xt = AFhy t . Notice that 

AF h S t/{2h) (y t ) = S t/2 (x t ), S t/h (y t ) = {u h < y n } 

where St{y) denote the sections for Uh- 
We have 

det D 2 u h = g h in S t /^h)(yt), 

with 

9h(x) = g(AF h x) => \\g h -l\\c-y <Cshz+^ =CehF 

From Proposition 12.31 we have 

I Uh ~ U Q \ < Ceh 2 in S t/{2K) (y t ). 

Notice that 7 > /3 hence, by the interior C 2 ’^ estimates for the Monge-Ampere equation, we obtain 

\\D 2 {u h - U 0 )\\ C f) < Ceh* in S t/{4h) (y t ). 

Rescaling back, we write these inequalities in terms of D 2 u and obtain that in S t / 4 (xt) 

|| D 2 (u - U 0 {A~ l x)) || L oo < Ceh*, \\D 2 (u - U 0 (A~ l x))\\ cP < Ce. 

We can write 

D 2 (U 0 (A~ 1 x)) = Q 0 + x°fe n @ e n and Q 0 = D 2 u(0). 

Now we use that j3 < a hence € C^ and the proof is completed. □ 

Next we check that Proposition 12.31 can be applied at the origin also when u( 0) and Vtt(0) do 
not necessarily vanish provided that dfl is C 2 A . Thus the proposition can be used at all other 
boundary points z € <9f 1 fl Si/ 2 (Uq). 

Lemma 4.2. Assume that u solves 

det D 2 u = gdgn in £lnSi(Uo), 

and 

|u - U 0 1 < e, \g\c-y < e, u(x) = ip(x') on dQ, [D 2 tp\ c p < e, 
dPl = { x n = q(x')} with ||g|| C 2,/3 < e. 

Then there exist 2 linear transformations, A sliding, D symmetric, which are Ce perturbations of 
the identity I such that 

|(« - lo)(DAx) - U 0 (x)\ < CeU l 0 + \ 
where Iq{x) = u(0) + Vrt(O) • x represents the linear part of u at 0. 

Proof. We sketch the proof below. 

Since \u — Uq\ < e we easily find 

\g(0) - 1| < Ce, \D 2 X , V (0) - l'\ < Ce, |V^(0)| < Ce. 

Using standard barriers at the origin we find |rt n (0)| < Ce hence the linear part Iq of u at the origin 
satisfies 

l 0 (x) = u( 0) + V x ap( 0)x' + u n ( 0)x n = 0(e). 
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The function w = u — l$ satisfies the same equation as u and w(0) = 0, Viu(0) = 0 and its boundary 
values on 912 equal 

ip w (x') = <p(x') — l Q {x',q{x')) hence \\D 2 ,ip w — l'\\(p,p < Ce. 

Now we may choose a symmetric matrix D which has e n as an eigenvector such that 

w(x) = w(Dx), x € 12 := -D _1 12 

satisfies the hypotheses of Proposition [273] for its boundary data ipn, and right hand side g^d W with 

Dl><Pw{ 0 ) = I', 9w( 0 ) = 1 . 

In conclusion there exists a sliding A which is a Ce perturbation of the identity I such that 
| w(Ax) - U 0 (x)\ < CeU 0 (x) 1+ f. □ 

We write t/o(A _1 D~ l x) as a quadratic polynomial plus a multiple of x 2+a . 

Since Uo(A~ 1 D~ 1 x) < C|x| 2 , the conclusion in the lemma above gives 

a(0) 


(4.1) 


u — ( Iq H— x t D 2 u(0)x + — . . . . 

' 2 V ' (l + a)(2 + a) 


.2 +a 


< Ce\x\ 2+f3 . 


The coefficient a(0) and the tangential determinant of D 2 ,u satisfy 
(4.2) a(0) det D 2 ,u(0) = g(0). 

Clearly the conclusion holds for all points z € 912 fl Si/ 2 (Uq) i.e. 


1 


u— [l z + fr{x — z) t D 2 u(z)(x — z) + 


a(z) 


-((x - z) • u z ) 2+a 


< Ce\x-z\ 2+0 . 


2 v ' K ’ (1 + cr)(2 + ct) 

Next we show that D 2 u and a are C 13 on 912 fl Si/ 2 (Uq). 

Lemma 4.3. On 912 fl Si/ 2 {JJq), we have 

[D 2 u] c p < Ce , [a\ c p < Ce. 

Proof. Since 

dan <x n < dgn + Ce\x\ 2 , 

it follows that 

\x 2 n +a - d 2 d + a | < Ce\x\ 2 d 1+Q + C(e\x\ 2 ) 2+a < Ce\x\ 3+a . 

Also, from the previous lemma we have |o(0) — 1| < Ce. Using these in (14.111 together with /3 < a 
and we find 


U ~ I* 0 + l xT ° 2u ^ x + (i _)_ a) (2 + a) ^ dn 


d 2+a 


< Ce\x\ 2+f3 . 


Subtracting the corresponding inequality at 2 we find 

h~lz + ^x T D 2 u(0)x — i(x — z) T D 2 u(z)(x — z) 


< Ce\z\ 2+l3 Vx € B\ z \ n 12 


which gives 

\D 2 u{ 0) - D 2 u(z)\ < Ce\zf. 

Now the corresponding inequality for a(z) follows easily from the equality (14.211 and the fact that 
\g\cP < Ce. 

We now give the proof of Proposition 12.41 


□ 
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Proof of Proposition fKJl Let xq and x\ be two points in LI n S] / 4 (t/o) and let St 0 (x o), St 1 (x i) be 
the the maximal sections included in LI which become tangent to dLl at, say 0 for simplicity, and 
respectively 2 . Let do := |xo|, d\ := \x\ — z | and assume do > d\. Next we show that 

\D 2 u(xi) — D 2 (x o)| < C\x\ — xq\ i3 ■ 

We distinguish 3 cases depending on the positions of xo, x\ and z. 

Case 1: x\ £ S to u{x o). Then we’re done by Lemma l4~T1 

Case 2: x\ ^ S to / 4 (xo) and \z\ 2 < cd^ +a . 

Then \xq — x\\ > cdo • This inequality follows by inspecting the corresponding sections for the 
rescaling Uh with h = d^ +a and noticing that their centers yo and y\ must satisfy (j/o — 2/i) * e rx > c|yo|- 
We rescale back and obtain \xq — x\\ > cdo- 
Moreover by Lemma 14.11 and a > /3 we have 

| D 2 u{xo) - D 2 u( 0 )| < C(x 0 ■ e n ) a + Ced^ +a) ^ < Cd$, 

and similarly 

\D 2 u( Xl ) -D 2 u(z)\ < Cd 

Now we obtain the desired inequality since by Lemma 14.31 | D 2 u(z) — D 2 u( 0)| < Cez@ < Cd q. 
Case 3: \z\ 2 > cd^ +a . 

Then |xo — x\\ > c\z\. This follows by inspecting the images of the sections under the rescaling 
Uh with h = \z\ 2 and noticing that their centers yo and y\ must satisfy \yo — yi\ > c. 

We use Lemma ED at 0 and z and obtain 

D 2 u(x 0 ) = D 2 u( 0) + a(0) (xq ■ e n ) a e n ®e n + 0{e\zf), 

D 2 u(x i) = D 2 u(z ) + a(z) ((xi - z) ■ v z ) a v z ®v z + 0(e\zf). 

Now the the desired result is a consequence of Lemma 14.31 |xo — x\\ > c\z\ , and 

|e n - v z \ < Ce\z\, 

|x 0 • e n — (xi — z) ■ v z \ < C\xo — xi\ + C\z\ < C\xq — x\\. 

□ 


5. Global C°° regularity of Monge-Ampere eigenfunctions 


In this section, we prove global C°° regularity of Monge-Ampere eigenfunctions stated in Theorem 
PI For convenience, we restate it here. 


Theorem 5.1. Let Q be a bounded and uniformly convex domain in M n . Assume dLl £ C°° and u 
satisfies 


(5.1) 


(det D 2 u)™ = A|u| in LI, 
u = 0 on dLl. 


Then u £ C°°(Q). 


To prove the above theorem, we perform first a Hodograph transform and reduce (15.Ill to a 
similar equation in the upper half-space. Then we perform the partial Legendre transform in the 
nondegenerate x' coordinates. The structure of the equation satisfied by the transformed function 
allows us to use the C 2 ’@ estimates for the Monge-Ampere eigenfunctions obtained in Theorem 
11.31 together with Schauder estimates for linear equations with Holder coefficients modeled by a 
degenerate Grushin-type operator as in (12.41) . These give the desired global C°° regularity. 
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5.1. Equivalent equation in the upper half-space. We first write an equation in the upper 
half-space that is locally equivalent to (15.11) . After a dilation we may assume that A = 1. 

The Monge-Ampere eigenfunctions are C°° in the interior of fl so it remains to prove their C°° 
smoothness near the boundary dCl. Assume that 0 £ dQ and e n is the inner normal of at 0. 
We make the rotation of coordinates 


Un = -X n +1, Vn+1 = x n , Vk = Xk (1 < k < n - 1). 

In the new coordinates, the graph of u near the origin can be represented as y n +i = u(y) in the 
upper half-space M” = {y £ M n : y n > 0}. The Gauss curvature is 

_ det D 2 u \u\ n 

(1 + \Du\ 2 )^~ (1 + \Du\ 2 )^~ 

The tangent plane at 0 is given by 


2-71+1 'U'nXn H kXk 0* 


After the above rotation of coordinates, it is given by 


yn U n y n +1 Ukyk 


n . Vn Hfc „ 

0 , or y n+ 1 H- 1 - y k = 0 . 

H71 Un 


Hence 

1 Uk 

u Vn = > 0 (near 0 ), u Vk = . 

“n 

Now, from (15.11) we obtain the following equation in a neighborhood of the origin in the upper 
half-space {y n > 0 }: 


det D 2 u = K(1 + \Du\ 2 ) 2 


\Vn 


_ n+2 

(1 + \Du\ 2 \ 2 
\l + \Du\ 2 ) 



n+2 
2 


= y n n <+*■ 


Near the origin, the boundary is given by x n = 4>(x') in the original coordinates. Thus, the 
boundary condition for u is u = cj) on {y n = 0}. Thus, locally, we have for some small ro > 0 (now 
relabeling y by x) 


(5.2) 


( det D 2 u = X™ Un +2 in H+, 

( u = <f> on {x n = 0} D B ro . 


We remark that since u € C 2,/3 (Q) by Theorem 11.31 we have u £ C 2,,3 (B+ 0 ) for some small f3 > 0, 
and u n > c. It remains to show that solutions of (15.21) with </> £ C°° are smooth up to the boundary 
in a neighborhood of the origin. For simplicity of notation, we relabel u from (15.2j) by u. 


5.2. Partial Legendre transform. Next we perform the following partial Legendre transforma¬ 
tion to the solutions of (15.21) : 

(5.3) yi = m(x ) (i<n- 1), y n = x n , u*(y) = x • V X ’U - u(x). 

The function u* is obtained by taking the Legendre transform of u on each slice x n = constant. 
Note that 


(«*)* = u. 

We claim that if u satisfies (15.21) then u* (which is convex in y' and concave in y n ) satisfies 

/c 4 n / 2 /"(-<) n+2 det D 2 ,u* + u* nn =0 in Bj 

\ u* = (j)* on {y n = 0 } D B s , 

where a = n. Moreover u* £ C 2, P(B^), —u* > c and </>* £ C°°. 
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There are several ways to see this. A direct way is to compute the transformation matrices 
— tv. A — ( dm. 




<j.r , 


V — 
I v ~ 


-1 _ 

X = (Xij) = 

( dxi\ 

\0ViJ- 

We obtain 


u ij 

if i < n — 1 

X = 

Win)- 1 

U ni / det D 2 ,u ' 

djn 

if i = n 

0 

1 


where (tW) denotes the cofactor matrix of D 2 u. 
Using these transformations, we find that 


u* = Xj if j < n, u* n = —u r 


and therefore 


r->2 *_/ j-,2 \-i * _ du n dxk _ ^ U nk 

D y ,U — ( D X ,U ) , u nn - 2_^ - 2_ u nk , , ^9 u nn- 


k<n dXk9yn k<n 

Since det D 2 ,u* = (det D 2 ,u)~ l = l/U nn , it follows that 


“det D 2 ,u 


-u: 


det D 2 ,u* 


_^ jjnh \ _^ 

^ ^ 'Unk jy2 ^ nn ) = ^ ^ 'UnkU det D U. 


\k<n 


k<n 


Hence u* satisfies (|5.4D . It remains to prove that u* is smooth up to the boundary in a neighborhood 
of the origin. 

5.3. Schauder estimates for linear equations. In order to obtain the smoothness of u* from 
(15.41) we establish Schauder estimates for its linearized equation. We consider linear equations of 
the form 


(5.5) 

with a VJ uniformly elliptic 


x n ^2 aZJv ij + v nn = x nf( X ) 
i ,j< n ~ 1 


XI ' < < A/'. 

Definition 5.2. We define the distance d a between 2 points y and z in the upper half-space by 


d a (y,z) := | y' - z'\ + 


2+a 2+a 

Vn 2 ~ Z n 2 


Notice that d a is equivalent to the distance induced by the metric 

ds 2 = dx' 2 + x^dx^- 

The relation between d a and the Euclidean distance in B + is as follows: 

2-1- a. 

(5.6) c\y - z\~ < d a (y, z) < C\y — z\, 

da(y, z) ~ \y - z\ if y, z £ D {x n > 1/4}. 

The distance d Q occurs naturally in equation (15.51) since they both scale homogeneously after the 

2 


If function w is C 7 with respect to d a (with 7 € (0, 2 +a)) we wr it e 


transformations x F^x (see Section [ 6 ]) 

( 

w £ CZ(Bl 
\w(y) - w(z) | 


and define 


IWI CZ(B+) - ■ uty z ))i ' ’ " w "cZ(b+) - + Hc2(b+)- 

y,z<=Bj, y+z v ” 
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In view of (15.61) we obtain the following relations between the Ca spaces and the standard C 7 
Holder spaces : 

w £ CZ(B+) =7 w£ C 7 (R+) 

w€C^(Bt) => weC2(Bl) with 7 = P-ol~- 

2 + a 

Proposition 5.3 (Schauder estimates). Assume that v solves (15.51) in Band 

v = <p{x') on {x n = 0} n Bp. 

If , f £ CZ(Bp) with 5) < and p € C 2,7 , then 

Dv,D 2 v£Cf t (Bp /2 ). 

The proof of this proposition is standard and we postpone it till the last section. 

By repeatedly differentiating (15.51) in the x' direction we easily obtain Schauder estimates for higher 
derivatives. Below m = (mi, ..,m n _i) denotes a multi-index with m, nonnegative integers. 

Corollary 5.4. If in the proposition above ip £ C k+2,1 for some integer k > 0 and 

Dffa ij ,Dfff £CZ(B$) Vm with \m\ < k, 

then 

DDffv, D 2 Dffv £ C2{B~jf/ 2 ) V m with \m\ < k. 

5.4. Proof of Theorem 15.11 As mentioned at the end of Section 15.21 it suffices to prove C°° 
regularity in a neighborhood of the origin for the function u* satisfying (15.41) : 

f y“(-<) n+2 det Dy,u* + u* n =0 in Bf, 

1 u * = (f* on {y n = 0} fl B s , 

with a = n, u* £ C 2, P(B~^), —u* > c and (f* £ C°°. 

Fix k < n. Then v = u\ solves the linearized equation 

(5.7) y" alJv ij + v nn = Vnf(y) in B j 

i,j<n -1 

where 

o« = m = (n + 2)(-<)” +1 < t det D 2 «*. 

and U*, denotes the cofactor matrix of Dp u*. 

Since u* £ C 2 ^(Bp) we obtain Du *, D 2 u* £ CZ(Bp) for some small 7 > 0, hence a*- 7 , / £ 

(%<&)■ 

By Proposition 15.31 D 2 v £ Ca up to the boundary in B S / 2 which in turn implies D y ia l I, D y /f £ 
Ca(B ( 5 / 2 ). Now we may apply Corollary 15.41 and iterate this argument to obtain that DpD l yn u* 

with l £ {0,1,2} are continuous up to the boundary in Bpj 2 for all multi-indices m > 0. In order 
to obtain the continuity of these derivatives for all values of l we differentiate the equation for 
u* and use that a = n is a nonnegative integer. Then each derivative Dp,D\ jn u* with l > 3 can 
be expressed as a polynomial involving powers of y n and derivatives D y ,D yn u* with s < l, thus 
u* £ C°°(Bp/ 2 ) as desired. □ 

6. Rescaling and the linearized equation 

In this section, we prove some technical results (Lemmas 12.51 and 12.71 and Proposition 15.31) which 
were used in the proofs of our main results in the previous sections. 
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6.1. Rescaling. We give below the proof of Lemma 12.51 

Suppose that u satisfies the hypotheses of Theorem 12.21 Assume furthermore that the boundary 
is locally given by the graph of a C 1 ' 1 convex function q(x'), i.e. 

dtt n Bp = {x n = q{x')}, q( 0) = 0, V x 'q{0) = 0, ||g|| c i,i < 

As mentioned in the Introduction, Lemma[2A]is a direct consequence of the pointwise C 2 estimate 
form [S2]. We only need to check that, after an initial rescaling, the equation remains of the same 
form. First we need the following lemma which compares distance functions during the rescaling 
process. 

Lemma 6.1. Let A be a sliding along x n = 0 with |A| < C. Let Llh = (AF^) -1 !!. If h < c then 

1 1 1 -\~OL 

(i) dQh H Si(Uq) is a graph in the e n direction whose C 1 ’ 1 norm is bounded by Ch 2 + a . 

(ii) the ratio of the distance functions to dLl and dLlh is Lipschitz and 


ddtt(AF h x ) 

h 2 ^ d d u h {x) _ 


C O’ 1 


< Ch 2 + a 


in Lt h nSi(U 0 ). 


We remark that the ratio above tends to 1 as x 0. 


Proof, (i) The C 1,1 norms corresponding to and A are comparable, since A is bounded. Now 
the conclusion follows after we apply the linear transformation Ff) 1 to A -1 1L One way to see this 

is to think of F fi as a composition of a dilation of factor h 2 followed by a h 2 2 + a contraction 
along the x n direction. 

(ii) The Lipschitz estimate follows from Lemma 16.21 below which estimates the Lipschitz norm 

of the ratio of two positive C 1,1 functions vanishing on the boundary. We apply Lemma 16.21 to 

1 1 

12^, v(x ) = dQQ h (x), u{x) = h 2 + a dgn(X) with X = AF^x, and e = Ch 2 + a to obtain the desired 
conclusion. 

1 d-Q! ~ 

Indeed, by (i), the curvatures of dQh H Si(Uo ) are bounded by Ch 2 + a < e, thus \D z v\ < Ce. 
Furthermore, since \D\ds^\ < C, we obtain 

\D 2 u(x)\ = h~^\F^A T D 2 x d m AF h \ < Ch 

The proof of (ii) is complete. □ 


Below we present a general Lipschitz bound for the quotient of two positive C 1,1 functions 
vanishing continuously on the boundary os some C 1,1 domain. 

Lemma 6.2. Assume that Q is a C 1,1 domain with norm bounded by e, and suppose 0 G dfl. Let 
u, v be positive C 1,1 functions in QnB] that vanish continuously on dLl D B\ and assume v v > c 
on dLl n B\, and in ST D B\ we have 


|Vu| < C, |Vu| < C, [Vn] c 0,1 < e, [Vuj^o.i < e. 


Then 


~u~ 


LuJ c 0 - 1 


< Ce in Lid 


Proof. For x G Ll d B l / 2 , let = Vdgfi(x) be the unit vector at x which gives the perpendicular 
direction to dLl. Then 


u(x) 

dan{x) 


1 f°\ d ( 

— —7—7 / - r u \ x 

dgnyx) 


tdan(x)€x) 


dt 



Vu(x 


tdgn (x^jf x ) • dt. 
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The bound on the curvatures of dQ implies [£]co,i < e. This combined with the hypotheses on Vu 
easily gives 


u 

dan 


< Cs 


m 


J C 0 ’ 1 


The same holds for v, and since v v > c on <912 we find 


f2 n B i/ 2 - 


dan 

v 


C 


< Ce. 


and the conclusion of the lemma follows. 


□ 


Proof of Lemma \2.5l First, we consider the case when 0) = I', and g( 0) = 1. Then we can 

apply the pointwise C 2 estimate, Theorem 2.4 in |S2j . The theorem states that there exists a sliding 

A x = x + rx n , with |t| < C(p, p') 
such that for any r) > 0, we have 

(1 - rj)A S h (U 0 ) C S h (u) C (1 + rj)A S h (U 0 ). 
for all h < c(jf). Thus Uh(x) = h~ 1 u(AFf l x ) satisfies 

\u h - U Q \ < Crj in Si(U 0 ) n £l h 

for some C universal. By choosing g = £q/C, we obtain for all h < c(e o) 

\uh ~ U 0 \ < £q in S\{Uq) PI U h . 

Next, we check that qh and the boundary data ph satisfy on Si(Uq) fl <912^ 

(6-1) [D 2 <p h \ cf i < Ch*[D 2 tp\ cfi , hh\\cp.P < Ch*+z\\q\\ C 2, f }, 

and hence they can be made smaller than £q if we choose h small. 

Let x € dPlh FI Si(Uq), and let y = AF\ x € <912 and z = F) X x. Thus 

h 2 +^x n = z n , h 2 x' = z', y = Az = z + rz n . 

Let < p(z') = <p(y') and q(z') = q(y') denote the corresponding functions written in the z vari¬ 
ables. Since A, A~ 1 are bounded linear transformations we find that the C 2)13 norms of (p and ip, 
respectively q and q, are comparable. 

On the other hand we have 

Ph(x') = ^(V); qh(x') = h~ 2 +^q(z'). 

and il6.ll) easily follows since z! = h 2 x'. 

Finally, we verify the behavior of g after the rescaling AF^. 

Let x € Qh fl Si (Uq). and let y := AFhX 6 fl. Then 

det D 2 u h (x) = det D 2 u(y) = g(y) d$ n {y) h~^ := g h {x)dg Qh (x), 

where 

9h{x) = g(y) ( d f_ {AFhx) ) . 

\h 2 + a d d n h {x) J 

1 

Now we may apply Lemma 16.II together with \D x y\ = \AF^\ < Ch 2 + a and obtain 

9 h (o) = g{ 0) = 1, \gh\c-y < Ch 2 . 

In the general case, we perform an initial linear transformation given by a symmetric matrix D 
which has e n as an eigenvector such that 

u(x) = u(Dx), x € fi := Z2 _1 f2, 
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satisfies D 2 ,ip = V and < 7 ( 0 ) = 0. Then, from the computations above, it is easy to see that the 
norms of ip, q and g corresponding to u are comparable to the ones of ip, q and g respectively. □ 

6.2. The linearized equation. We give below the proof of Lemma 12.71 which is an application of 
the maximum principle and Taylor’s formula. First we prove that 

( 6 . 2 ) |«;| < Cx n in By 2 . 

Indeed, for example at xq = 0 € {x n = 0 } (~l B l / 2 , we consider the upper barrier 

w(x) = Cx n + A\x'\ 2 — 8 nx^~ a , 

with C large depending only on n such that 

( C/2)x n — 8 nx^ +a > 0 on B+. 

Then L(w) < 0, and on dBf n{x n > 0}, we have w > 1 > w. The maximum principle gives w <w, 
and hence w(0,x n ) < Cx n . We obtain the desired bound by translating the function w at other 
points on {x n = 0 } n B 1 / 2 . 

Clearly 

IMI ca £j < C 1 MIl<~(i? 1 +) in B = B 1/4 ( l/ 2 e n ). 

Now we apply this estimate for the rescalings Wh(x ) = w(Fhx), use the bound (16.21) . and obtain 

\\w\\ c ^ 2 _<C in F h (B), \/h € (0,1), 

which easily implies a bound on the norm of w in C 2 + a 

The equation is invariant under translation in the Xi direction for all 1 < i < n — 1. Thus 
by iterating this argument (using first difference quotients) we find that the derivatives of w with 
respect to x- t of any order are bounded in By. ? . 

The equation w nn + x° w jj = 0 an< ^ the bound \wjj\ < C imply the bound \w nn \ < Cx%- 

Thus, combining with the bound of w n on {x n = 0} D By 2 , we see that w n is bounded in By 2 . 
The same estimates as above show that Wi n , wu n are bounded as well. 

By Taylor’s formula, namely 

f{t) = /( 0 ) + + f (t- s)f"(s)ds 

Jo 

and the equation Lw = 0, we conclude that 

sr~^n —1 / n \ 

W(0, X n ) = W{ 0) + W„(0) X n - u X l +a + °( x l +a ), 

(a + 2) (a + 1) 

Wi( 0, X n ) = Wi( 0) + Win(0) x n + 0(x^ +Q ), i < n, 

and 

Wij(0,x n ) = Wij( 0) + 0(x n ), i,j < n. 

Using these identities in the following Taylor’s formula for f(x ) = w(x ,x n ) 

n —1 n—1 

fi x ') = f(0) + ^W)x^-EM°)x^ + Oi\xf) 

i= 1 i,j= 1 

n—1 j n—1 

= w(0,x n ) + y^ Wi(0,x n )xi + - ^2 Wij(0,x n )xiXj + 0{\x | 3 ) 

*= 1 i,j =1 

we obtain the desired conclusion since Wi(0) = 0) = 0 for all 1 < i, j < n — 1 . □ 
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6.3. Proof of Proposition 15.31 After a dilation we may assume that v solves 
(6.3) a lJ Vij + v nn = f(x) in Si(U 0 ), 

with uniformly elliptic: 

XI' < {a ij {x))i d < A I', 

and a 13 , / 6 Co.(Si(Uq)) and v(x',0) = <p(x') £ C 2,1 . 

As we remarked before, the distance d a from Definition 15.21 occurs naturally in equation (|6.3D 
since they both scale homogeneously after the transformations x H > Fh.x. Precisely, 

v(x) = h~ 1 v(F h x), 

solves 

a lj Vij + V nn = x“/(x), 

with 

d l \x) = a l \F h x), f(x) = f(F h x), 

and 

d a {y,z) = h~*d a (F h y,F h z). 

First we state a pointwise C 2,7 estimate at the origin. 

Lemma 6.3. If v satisfies 116.3\) as above, then there exists a tangent “polynomial” Po at 0, 

P 0 (x) = q(x') + (o 0 + a ■ x') x n + ^ x 2 n +a , 

(1 + a) (2 + a) 

with q a quadratic polynomial in x', and 

a l °{ 0) qij + b 0 = /(0), ||g||, |a'|, |a 0 |, | 6 0 | < C, 

such that 

\v-P\< Cul +l in S 1/2 (U 0 ). 

The constant C above depends on n, A, A, a, 7 , ||u||l°o and the corresponding norms of a 13 , f, g>. 
Proposition 15.31 follows from Lemma 16.31 by rescaling. Indeed, the function 

w{x) := h^~2(v - P 0 )(F h x) 

satisfies 

Xn d lJ Wij + w nn = x°f(x) in Si(U 0 ) 

with 

d l3 (x) = a iJ (F h x), f(x) := h~ 2 ( f(F h x ) - /(0) - {a lJ {F h x) - al 3 {fS)) qij ) . 

Since h^\y — z | ~ d a (Fhy, Fhz) for y, z £ B c (\e n ), we see that 

\\d ij \\cT,\\f\\w <C in B := £> 1 / 4 (e n /2). 

By Lemma RTTTTI ||iu||l°o < C, thus by the classical Schauder estimates we find 

||D 2 u;||c 7 < C in B. 

Rescaling back and using that D 2 P £ C2, D 2 v( 0) = D 2 P( 0), we hnd 

\\D 2 v - D 2 v(0)\\ L oo < Ch 2 , \\D 2 v\\ c i<C in F h (B), 

and now it is straightforward to check the conclusion of Proposition 15.31 

Lemma 16.31 is standard and we only sketch its proof below. 
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Proof of Lemma \6.3l After subtracting the boundary data and a multiple of x^f~ a , and then after 
a suitable linear transformation, a dilation and multiplication by a constant we may assume that 
in Si(Uq), v = 0 on {x n = 0}, ||u||loo < 1, and 

a ij (0) = Sij, [o^'lcs <5, f (0) = 0, [f\a <8, 
for some sufficiently small 5 > 0. As before, we use barriers for v near x n = 0 and conclude by 
compactness that, as 5 —> 0, v can be approximated uniformly in Si/ 2 (Uo) by a solution to 

x%A x ,v + v nn = 0, v = 0 on {x n = 0}, ||u||l°° < 1, 


i.e. 

v = v + o( 1) in S l/2 {U 0 ) where o(l) —> 0 as 5 

By Lemma 12.71 there exists 9q small depending only on n, a such that 

3+a 1 1 , 7 

\v-P\<C 0 d* +a < - 0 O 2 


0 . 


in Se 0 (U Q ) 


for some quadratic polynomial 


P(x) := (ao + a ■ x')x r 


In conclusion 

\v-P\<6l + * in S 9o (U 0 ), 
provided that 5 is chosen sufficiently small. 

Now the rescaling of v — P from Sq 0 (Uq) to Si(Uq) satisfies the same hypotheses as v above. 
Then we can iterate the same argument and obtain the desired conclusion. □ 
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